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ANL & UofC Effort on lonization
Cooling Theory

KJK & CXW
Papers
- Formulasfor transverseionization coolingin SFC
PRL 85(4) 700, 2000 (KJK & CXW)
- Recursive solution for beam dynamics study of ICC
PRE 64(5), 2001 (CXW & KJIK)

Beam parameterization and invariantsin aperiod SC (CXW & KJK)

Magnetic field expansion for particletracking in a bent-solenoidel channel
(CXW & LeeC. Teng)

Linear theory of transverse & longitudinal I C in quadrupole channel
(CXW & KJIK)

e

Linear theory of 6-D ionization cooling
Snowmass Proceedings - to be published
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lonization Cooling Theory in Linear
Approximation

e Similar in principleto radiation damping in electron
storagerings, but needsto take into account:
- Solenoidal focusing and angular momentum
- Emittance exchange

e Messy unless guided by fundamental principles!
- Orthonormal basis of momentsfor Hamiltonian system,
- Dissipation and fluctuation leading to an equilibrium
- Slow evolution near equilibrium can be described by five

Hamiltonian invariants /
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Emittance Exchange

Dipole (bend)

PPy
u—-beam 0
— op
—
Dipole X—>X + 1 op/p Wedge Absorber

introduces

) _ reduces energy spread
dispersion (n)

e
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Hamiltonian Under Consideration
Solenoid + dipole + quadrupole + RF + absorber

Goal: theoretical framework and possible solution

Lab 1y 2 1 2 (2 2
P H = 5 (pw +py) + 5%(5) (:17 +y ) + k(s) (zpy, — YD)
x0 72 1 1
o — 2 _ 2 - 52 2

ORI O (s) (2% — ) + 2[ +v(s)2?]
dipole quadrupole

rotating frame with symmetric focusing
~ 1/ . 1 . 5 20 cos|O(s Yo sin|60( s
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Model for lonization Processin L armor

Frame
Transverse: g
P =n(p-ke,xx)+ &
ds
- M.S.
L ongitudinal: ! wedge
| |
® e D Ny g
ds 0X oy L,
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Equationsfor Dispersion Functions

In Larmor frame

Dispersion function decouples the betatron motion and dispersive effect

D,(s)d
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Equation for 6-D Phase Space Variables

d X:XB+6DX’ PX:PXB+6 D'(X<—>y)
* Z=1Z5- Dyx+DyP - Dy +DyPR,

 Dispersion vanishesat cavities Dy [V =D [V =0

e Drop suffix 3

Z'=1(9é +n(DXEX + DyEy)

6’ =-V(5)z — (ux +vy) —(UDy +vDy)d + &5

P
Py

=Py +Ky+8(D'X +KDy)—§X
:Py—

kx +8(Dy — 1 Py) - &y A
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Equation for Moments

* Phase space vector:

L1
[ 1]

ix=(K ~A)X+E, X
ds

I Y
i o o s o o

K =JH (Hamiltonian motion)
A = Dissipation
= = Fluctuation

e Moment matrix

Rij = <Xin> (6x6)

(jj—lz=(K —A)R+R(KT —AT)+X

> excitation
Assume the non-Hamiltonian effects are small. /-
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Moment Evolution Near Equilibrium

(F. Ruggiero, E. Picasso, & L.A. Radicati, Ann. of Physics 197, 396 (1990))

System approaches an equilibrium under damping & excitation

Near the equilibrium, the moment matrix R changes slowly (weak
dissipation)
R can be expanded by a corﬂ)leteset of orthonormal basis matrices:

R :a; €4(S) 04(9)

o, areconstructed from tensor products of the eigenvector s of the
Hamiltonian motion. Most of o, vary rapidly

i(iup il'lq) . (S)
a

6, (s+/l)=e
(¢ =lattice period, W, = phrase advance per period (p =X, Y, 2)
Coefficients ¢, of therapidly varying o, are small and can be neglected

The system near equilibrium can be represented by a special set of matrices,
with coefficients which are invariants of the Hamiltonian motion

e
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Hamiltonian | nvariants

 Three Courant-Snyder invariants:

€y :% <X2>+2‘1<pr>+l3<|3x2>ﬁ, (X o y)
£ :% Z<22> + 20, (20) +BZ<62>E

(y, o, B), (V,, 0, , B,); Twist parametersfor LI and ||

« Two moreinvariantswhen i, = (4
1
gL :—<xPy —yPX>

Exy = 7 (y(xy) +u<xPy +yPX> +B P, Py) /
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Hamiltonian Invariants (Contd.)

|nver serelationship leads to moment parametrization:

1) (P (P e Bomay). (o y - 2)

\
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Evolution of | nvariants Under
Non-Hamiltonian Force

e g,1=1,...5, vary slowly due to dissipation and
excitation

« Equation for g isobtained by inserting the C-S
parameterization into the moment equation

* Thecalculation ismanageablesincee,, a > 5, are

neglected in view of the RPR analysis!
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| C and Emittance Exchange Equation
In Linear ApprOX|mat|on

de;
— ZZGU € T Xi
ds =
X y Xy L y4
-Ny O A B 0
. 0 Ny A B 0
. Xy | A A “Nyxy O 0
L B B 0 -n. O
z 0 0 0 0 - Ny

1
Ne=n-uD,n,=n-uD,n,=uD,+vD,, Ny =n_=N-= (uD +vD)

A= ZI(UD +vD) :%Kﬁq+m[(dDy+BDy) (O(wa
‘
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The Excitations

1
Xx:2H xX6+_2X
_1 B
Xy —EH yX6+§X

1
z = E[Vz (sz + Dyz)X +3; XBI

( D, DD'x)Xé

= yDy? + 2a DD} +BD, 2, (X - )

H xy =YDyDy +a(DyDy +DyDy )+ BDY D/
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Remarks

 Theresult generalizesthe previousD = 0 analysis
 6-D phasesparearea

1 1
€D = €7 EEXSy ——8Xy2 ——ELZH

] 2 2
d
. ¢6D — \'Ix y z]e6D — 6D
<o £6D = (n +Ny +N )8 =-2n¢
e Choose ubD,=vD,

U Nx =Ny =Nxy =N =N

 Averaged over one period, XL = 0

 Design examplesare being worked out /
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Design Principles

« Update good transver se cooling channels

« Maintain periodic structure, esp. beta function

* Createlocalized dispersion in desired periods
— closed dispersion bump

 Maximum dispersion at minimum beta

« Keep symmetric focusing

* Nodispersion in RF

« Dispersion section to be 1st order achromat

e
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A Maxwell-Happy Solution
Max. dipolefield ~0.7 T, dispersion ~ 20 cm

2 at 200, 150, 250 MeV




A Maxwell-Happy Solution
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